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Resistive ballooning modes in general three-dimensional configurations are studied on the 

basis of the equations of motion of resistive MHD. Assuming small, constant resistivity and per-
turbations localized transversally to the magnetic field, a stability criterion is derived in the form 
of a coupled system of two second-order differential equations. This criterion contains several 
limiting cases, in particular the ideal ballooning mode criterion and criteria for the stability of 
symmetric systems. Assuming small growth rates, analytical results are derived by multiple-
length-scale expansion techniques. Instabilities are found, their growth rates scaling as fractional 
powers of the resistivity. 

I. Introduction 
The purpose of this paper is to derive a criterion 

for the stability of an arbitrary three-dimensional 
toroidal plasma with respect to resistive ballooning 
instabilities. The basic restrictions imposed to make 
the problem tractable are the assumptions of small 
constant resistivity and localized perturbations. As 
in the ideal case [1], the introduction of localized 
perturbations makes it possible to reduce the cal-
culations to the neighborhood of any particular, 
closed field line. The two coordinates which define 
this field line then only enter the problem as param-
eters and the calculations are reduced to a one-
dimensional problem along each closed field line. 
Even with the considerable simplification thus 
achieved, the stability criterion obtained is, in gen-
eral, rather implicit since its evaluation requires the 
solution of a system of two coupled second-order 
ordinary differential equations on each closed field 
line. However, assuming small growth rates, it is 
possible to obtain general, analytical results. In 
particular, the criterion contains several limiting 
cases, e.g. the ideal ballooning mode criterion [1] 
(and thus Mercier's criterion) and the condition 
Du > 0 [2] for instability with respect to resistive 
interchanges. 

In Sect. II we introduce the model and derive 
the resistive ballooning mode equations. In Sect. I l l 
we study these equations on the assumption of small 
growth rates, making use of multiple-length-scale 
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expansion techniques and derive a dispersion rela-
tion for the growth rate. In Sect. IV we discuss this 
dispersion relation and in Sect. V we summarize the 
results. 

II. Resistive Ballooning Mode Equations 

We start with the following linearized equations 
of resistive MHD [3]: 

oy2% = - V(p + dB B) + (B V)<5B 
+ (dB-W)B, (1) 

ÖB = V X%xB+(rjly)AdB, (2) 

p = — Vp — ynpVZ, (3) 
which describe small-amplitude perturbations \ 
(fluid displacement), dB (perturbed magnetic field) 
and p (perturbed pressure) around an equilibrium 
with scalar pressure p, density q, magnetic field B 
and small constant resistivity rj (the smallness of 
the resistivity to be specified later). Here yn is the 
ratio of the specific heats. A time dependence of the 
form ^(r, t) — ̂ (r) ev* has been assumed. Terms as-
sociated with the diffusion velocity due to rj have 
been neglected since they have no influence on the 
instabilities to be considered here (these having a 
much larger growth rate than ordinary resistive 
diffusion). On the basis of the lowest-order equilib-
rium (in an ^-expansion), which is taken to be a 
static, ideal MHD equilibrium, we introduce co-
ordinates v, 6, cp = C — <7o 0, where v, 6. £ are Hamada 
coordinates [4] and q0 = M/N (31, N integers) is the 
safety factor of a reference rational surface v = vo 
[1], In these coordinates, the physical quantities 
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satisfy the following periodicity conditions: 

0(d,<p) = &(d,<p +1) 
= 0(O+l,<p — M/N) 
= 0 (0 + N, 99), 

(4) 

and are thus periodic in 0 with period N, and in cp 
with period 1. This follows from the definition of cp 
and from the fact that — in Hamada coordinates — 
all quantities are periodic in both 0 and £ with 
period 1. 

The equilibrium magnetic field B and the gradient 
along a field line can be expressed as 

B= x[V<pX (q-q0)\vx V0], (5) 

B-V = jC[de + (q-qo)d(p], (6) 

with q=xPI%. W and % are the longitudinal and 
transverse magnetic fluxes respectively. The deriv-
atives with respect to 0 correspond to derivatives 
along the closed field line v = Vo,cp = cpo. Dots mean 
derivatives with respect to the volume. It thus fol-
lows that q0 = lI/l'x (v = u0). 

As in the ideal case [1], we look for solutions of 
Eqs. (1) —(3) which are localized around a closed 
field line V = VQ, (p = cp0, and which have finite gra-
dients along the field, i.e. B - V / ^ ~ 0 ( 1 ) . 

Setting 
t = (V — vo)lvo £3, x = (cp cpo)/e3 , (7) 

with £ 1, we look for perturbations with 61 ~ c)x 
~ 0(1). Derivatives transverse to the field are thus 
large, being of the order £~3. Furthermore, the per-
turbations are required either to vanish or to be 
negligible for \v — vo| (ie. \t \ ^ £_1), 

\<P — (i-e- \x\ = £~2) • 

Taking into account Eq. (2) and the fact that 
V X V X ~ £-®, we require rj ~ 0(£6) and set 

rj = rj* £6 rj*lk2± (8) 

This is the aforementioned specification of the small -
ness of the resistivity. £ is simply a dummy param-
eter and is treated here as a kind of tag indicating 
the magnitude of the term of which it is a factor 
(it will be seen that the instabilities found are pro-
portional to fractional powers of rj*. In comparison, 
ordinary magnetic diffusion is proportional to 
rj ~ £6). We now expand the equilibrium quantities 

in a Taylor series around the closed field line v = VQ , 
(p = cpQ\ 

A(v,d,<p) = A(v0,d,<p0) (9) 
dA 

set 
+ (vo, 0, <po) (<p — (fo) + 0(e2), 

1= u\dxV(p 

+ TVvxVd + SB, (10) 
dB = wXO X V<p 

+ r vvxve + piB ( i i ) 

and expand the perturbations U, T etc. in a series 
of the form 

U = U0 + Uxe + U2e2 + + (12) 

where the order of magnitude of the different terms 
is given by the powers of e and the functions Ui, 
Ti etc. may depend implicitly on e. Taking into 
account the condition V • dB — 0 on the perturbed 
magnetic field up to terms 0(1), we obtain 

dtWo + vo dxro = <Wi + VQ ÖxTi 
= + VodxT2 
= 9<JF3 + VQ DXT$ 

voB • Vjuo = 0. 

We shall only need dtWo-\-vodxTo — Q, which im-
plies Wo — vod^, To= — Expanding Eqs. (1) to 
(3) in e, we obtain from the 0(£ - 3) , 0(e~2) and 0(£ - 1 ) 
equations (p-{-dB • B)i — 0 and dtUi~\-vodx T{ = 0, 
with i = 0, 1, 2. We shall only need (p + 6B- B)0 = 0 
anddtUo + vodxTo=0 ,i.e. Uo = vodx0, To=-dt0. 
We cross Eq. (1) twice with B to obtain the 
component of \ perpendicular to B. From the 
V0 X V(p and Vu x V0 components of the resulting 
0(1) equations we can eliminate (p-{-dB • B)$ and 
obtain 

Qy2Cx2IB2)vo2A*0 
= 2[v0xvdx(6B • B)o — Xtpdt(6B 

+ vo2(B-V)*Cx2IB2)A*a), 

(13) 
B) o] 

with 

A* = 
I Vu 12 VvVw 1 1 dtt + 2 r dtx 

VO' Vo 

(B-\)*=-x[dd + v0qtdx]. 

(14) 

(15) 

Here, the equilibrium quantities only depend on 0, 
the variable along the localization line (UQ and (po, 
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which define the closed field line, only entering the 
calculations as parameters). y.v and covariant 
components of the curvature x = [(B/i?) • V]BfB. 
More explicitly, they are 

xv = x • V0 x V<p = 1 
2 p 

f pB \ 

j y + v i - l j - q t f o 

B-VBxV<p 
ä (16) 

(17) 

where J and I are, respectively, the longitudinal 
and transverse components of the current and a — 
j B/B2. 

Multiplying by either Vv or Vcp and integrating 
the resulting equation, we obtain from the 0(1) 
Eq. (2) 

a _ (rj*ly)A*a= (B • V)* 0. (18) 

Multiplying Eqs. (1) and (2) by B, taking into ac-
count Eq. (3) and the condition (P~\~DB • B)Q = 0 
and eliminating So yields 

(B • V)* ( ~ [(B • V)* {DB • B)o - pvo 0*a] 

- gy' 
(ynP + B2) 

ynpB 2 

1 

[(0B-B)o-pvodx0] 

+ gV*y~A*(ÖB-B)o 

-2eyHvoxvdx0-x(pdt0) = O. (19) 

To solve Eqs. (13), (18), (19), we make the ansatz [1] 

0(t, 6,x) = f (et, e2x)ei*x 

oo 
• 2 exp {2jii(mlN) 6 
m= —oo 

oo 
• J exp {— i (2 TI (mjN) -\-<xqvot)y 
— oo 
•F(y)dy, (20) 

where /, fx, ft vary slowly with both t and x and 
are assumed either to vanish or to be negligible for 

^ £ -1, |a;| ^ £~2. a ~ 0 ( l ) is an arbitrary con-
stant and F e L2 in — oo<? /<oo . (Representa-
tions of periodic functions through functions 
F e L2( — OO, OO) are treated in standard books on 
the theory of approximation of functions [5], [6], 
[7].) For a and (DB • B)0 we make a similar ansatz 

with transformation variables a(y) and b(y)&L2 

(—oo, oo) respectively. Multiplying Eqs. (13), (18) 
and (19) by /* exp{iy.(voqtd — x)} (/* is the com-
plex conjugate of /), integrating with respect to t 
between — e_1 and e_1 and with respect to x be-
tween — £~2 and £~2, and taking into account that 

oo 
2 exp {2 ni(mjN)(Q-y)} 

m— — oo 
oo 

= N 2 d(d-y-nN), 
n= —oo 

with d the d-function, and that 
oo 

A(6)-0(6) = /e*a* 2 exp{2tii(mIN) 6} 
m= — oo 

oo 
• f exp{— i(2n(mlN) + <xqvot)y) 

A(y)F(y)dy. (21) 

with 0 from Eq. (20) and A a periodic function of 
its argument (period N), one obtains (to lowest 
order in £) 

'2 2 i 
q y 

v 
B2 C2 F= -

VoO. 
(xv -f Xq>qy)b 

d x3 

+ d y - B * C * ä > 

(l + (a.*rj*ly)C2)ä=-X(dFldy), 

(22) 

(23) 

I i 
dy B2 

- g y 

db 
dy 

2 ( y n P + B 2 ) 

ICL 
—i—vo pa 
I 

CC2")]* 

B2 

ynpB 2 

y gC2b 

(b — iccvopF) 

with 

— 2i<xv0gy2(xv + x<pqy)F = 0, 

V99 — qyVv. 

(24) 

(25) 

Solving for ä from (23) and substituting in (22) and 
(24), multiplying (22) by i<x(pvol%2) • (a2rj*ly), sub-
stracting this from (24) and setting 

6 = ia.pv0(F + D), (26) 

we finally obtain the following resistive ballooning 
mode equations (valid in any geometry and not 
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restricted to symmetric configurations): 
d 
d y 

C 2 d F 
B2{ 1 + (<x2rj*ly)C2) dy 

+ + (27) 2 £2 

2 V 
= ——-(xv + qyx<p)D, 

XA 

d 
dy 

1 dD 
B2 dy 

r2 

QY2 (yHP + £2 ) 
y n p B 2 

X2 

D 

QCf* r j * y C 2 D + 
X2ß2 

2Q I p2x2rj* 
X4 Y 

vr X2YQ 

(28) 

+ y2 r (x® + qyx<p)F. 

Here, the differentiation with respect to y corre-
sponds to a differentiation along the localization 
line: % (d/dy) = (B • V) (v — vq , cp — cpo). Besides the 
equilibrium quantities, these equations only contain 
F (related to the normal component of the displace-
ment I*) and D (related to V • I*). The equilibrium 
quantities depend on the particular localization line 
through the parameters vo and cpo (Eq. (9)) and have 
an explicit periodic dependence (period N) on the 
variable y along this line. Our stability criterion is 
thus as follows: the system is unstable with respect 
to resistive ballooning modes if there are solutions 
F, DeL2{ — oo, oo)with 9te y > 0, with 9ie y the 
real part of the growth rate. 

III. Analysis of the Resistive Ballooning Mode 
Equations 

Equations (27) and (28) govern the localized re-
sistive ballooning modes and contain several par-
ticular cases: 

III. A) r]*ly = y = 0 (ideal marginal stability) 
If we set rj*ly = y = 0, we obtain the ideal mar-

ginally stable case. This has been treated elsewhere 
[1, 8, 9, 10, 11]. Here we assume that the equilib-
rium is stable in the ideal case. By taking resistivity 
into account we then introduce the possibility of 
new instabilities, as in [2, 12, 13, 14]. 

III.B) yH = 0 
If we assume that the perturbed pressure (Eq. (3)) 

is determined by convection alone and neglect the 

effect of the compressibility term by setting yH = 0, 
(27) and (28) then reduce to D = 0 and 

d 
dy 

1 C2 d F 
B2 (1 + (a.2r]*ly)C2) dy 
2 p 

(29) 

+ (Hv + qyxv)F - C2F1 = 0. 
X X2ß2 

For a given equilibrium, (29) can be solved numer-
ically. Some results can also be obtained analyt-
ically. This is done in the following. 

In axisymmetric systems, (29) is essentially the 
same equation as was derived in [15] for the case 
of ballooning modes with high toroidal mode num-
ber. However, the validity of (29) is not restricted 
to the symmetric case. Furthermore, contrary to 
[15], we do not find here in general instabilities 
with growth rates proportional to the resistivity. 
The results obtained there are due to the fact that 
the dependence of the integrals in (20), (21) of [15] 
on both y and rj was ignored. Comparing (29) with 
the results obtained in the ideal case [1], it is clear 
that the effect of resistivity is to reduce the sta-
bilizing contribution of field line bending — which 
is represented by the first term in (29) — by the 
factor (1 + (<x2rj*/y) C2 ) - 1 . 

III.C) yH = 0, (a2rj*ly)C2 > 1 and cylindrical 
symmetry 

It is elucidating and easier to consider first the cy-
lindrically symmetric case. Then, = 0, Vv • Vcp = 0 
and the equilibrium quantities are independent of y. 
We assume that the growth rate y is real and small 
(in all the following cases we assume y to be real, 
this being consistent with the solutions found) and 
set C2/( 1 -f- (a2rj*ly) C2) neglecting terms 
of O (y2) or higher (the results will be seen to be con-
sistent with the assumption of small y for suf-
ficiently small driving term pxv). We also neglect 
the term y2|V9?|2 in y2C2 but retain y2y2\Vv\2 

since this can become large even for small y. Equa-
tion (29) then reduces to 

d2F/dz2 + (A - z2) F = 0 , (30) 

A = 2pxvB2\*lq\\v\'f\ (rj* I q y3)1/2, (31) 

z 2 = \*q\Vv\lx\(eyr]*)V2y2, (32) 

to be solved with the condition F e L2{—oo, oo). 
For pxv> 0 (convex field lines, p<. 0), the solu-
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tions of (30) are given by 

Fn = exp{— z2l2}Hn , 

Y3n = (y*lQ)Vi>Xv*B2lqx*\Vv\)2 

n = 0 , 1 , . . . , 

(33) 

1 
(1 + 2 n)2 

(34) 

with Hn the Hermite polynomial of order n. There 
is thus an infinite sequence of unstable modes, the 
fastest growing one being obtained for n = 0. 

The condition for instability (pxv > 0) is the same 
as in the case of resistive interchanges [3] and is 
obviously more stringent than Suydam's condition 

2pxv 
1 q2 jr* j dy 

[16] 

4 §(B2/\\v\2)dy 

III.D) yn = 0, ct2{rj*ly)C2 > 1, general geometry 
(no symmetry required) 

We now go back to (29). The results in cylindrical 
symmetry suggest the scaling 

pxv ~ pxq, ~ y3/2. 

We therefore set 

pxv = pxvds, pxq> = px<pdz, 
y = yd2, 6 1. 

(35) 

(The consistency of the scaling must of course be 
verified by the results.) Like before, <5 is simply a 
tag indicating the magnitude of the term of which 
it is a factor. 

To simplify the notation, we drop the bars. (29) 
now reads 

d 
dy 

+ 

1 
B2 

Ad 

Ay2 

&T2 

\ AC2/ 

2pxv-qx2y 

d F 
dy 

do 
dy 

QÖ2C2F = 0. 

Here we have used (17) and set 

a.2r)*jy = A . 

(36) 

(37) 

In order to solve (36), we make use of the two 
variable expansion procedures described in [17]. For 
(36) we take y and z — d1^2y as the two different 

length scales and make the ansatz 
F(y) = F0(y, z) + d^2F1(y, z) 

+ dF2(y, z) + 

Fi(y + N,z) = Fi(y,z), 
i = 0 ,1 ,2 , . . . , 

dy dy dz 

(38) 

(39) 

(40) 

and solve (36) order by order. 
From the lowest-order equation and condition (39) 

we obtain 

F0 = F0(z). (41) 

Thus F0 does not depend explicitly on y. From the 
next order and (39) it follows that 

Fi (y,z) 

+ F 0 z - ^ L ( o B 2 y z F 0 
X2 

(cf B2) dy (42) 

B2dy, 

with fi a function of z only. 
The brackets have their usual meaning, i.e. they 

denote mean values on the closed localization line: 

<JB2> = CB2>(v0, (p0) 
§B2dy _ 1 

N 
§B2dy 

and 
B2 = B2-(B2}, i.e. <B2 } = 0. 

(43) 

(44) 

The integrals in (42) are indefinite integrals without 
integration constant. 

Proceeding to the next order in (51/2 and taking 
into account (39), we find a solubility condition for 
F2 in the form of a second-order differential equa-
tion for FQ(Z): 

d2F0 ^ A(B2}_ 
dz2 

<2 pxv} +q'x 

<oB2) 
<o> - F0+ A2q2 

(45) 

<B2) 

(o2B2y 
<ioB2y2 
T B ^ 

QX2y2/\Vv\ 
A \ B2 

r 

z2 FQ = 0. 

It is obvious that (30) is a particular case of (45). 
As in (30), the condition for the existence of solu-
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tions FQ £ L% (— oo , oo) is 

853 

2 P<*v> + qx2[<<>>-~^>Q- (46) 

There is an infinite sequence of modes with 

Fon = exp {— 2*2/2} Hn (z*), 
n = 0,1,2,..., 

with Hn the Hermite polynomial of order n and 

(47) 

• 

rl 

- <a2B2> + 

a 2rj* 

<B2y 

A 
<(T £2)2 

B2 

£2 
1/4 

2, (48) 

<(T252> -

. - - { < 2 ^ 

+*{<•>" w i l l 

<(T £2>2 

<2pxvy 

2 
(49) 

The condition (46) for instability is the same as the 
condition DR>0 of [2] for configurations with 
small p. 

HI.E) yH+0, ot.2(r}*ly) C2 1 

Here, contrary to the preceding case, we drop the 
requirement yn = 0 in order to study the effect of 
compressibility (see (3)). For simplicity, we consider 
first the scaling given by (35), together with 

p = pd3 (50) 

and drop the bars to simplify the notation. 
We go back to (27) and (28) and make the ansatz 

(38) —(40) for F. Making a similar ansatz for D and 
proceeding as in Section II. D, we obtain from the 
two lowest-order equations 

F0 = F0(z), 

D0 = D0(z), 

Fi{y, z) = h(z) 

+ 4^qz(F0 + D0) 

+ dF(] 1 
dz <B2} 

oB 2 

B2 dy, 

(oB2y 
<B2> 

(51) 

(52) 

iHd* / 

(53) 

Dx (y, z) = dl(z)-^qz\D0 + F0(l + e'y2 X* 
A'p2 

aB2-^B2^B2\dy + 
<B2y ' y ^ 

dD 
dz <E2> 

B2dy. 
(54) 

Proceeding to the next order in d1!2, we obtain a 
solubility condition for F<i and D2 in the form of 
a coupled system of two second-order differential 
equations for Fo and Do 

d2F0 

dv)2 

D2 DP 

dv)2 

+ 
Q 3/2 

M R 
[qW 

JR 

V)2 I FQ = ^R 
£ 3 / 2 

+ GQ3/2 + w 2 j D o 

(l+KQ3)F0, 

Do. (55) 

with 

Q3/2 

w — Q3/4 x, 

x= [(q2A(B2y)l(B2l\Vv\2>]V2z, 
A — a.2rj*ly, 

Q3_ e<B2l\Vv\2>My3 

q2 %2(B2yoL2r]* 

M = <B*l\Vv\2y 

(56) 

(57) 

(58) 

(59) 

(60) 

<|Vi;|2/£2>+ — \ ( o 2 B 2 y 
P 

(OB 2)2 
<B2y 

<2pxvy + q'x2 <<x> 

G = <B2yiynpM, 

(oB2y 
<B2> 

K q2x*<B2y 
Mp2(B2l\\v\2y 

(61) 

(62) 

(63) 

Taking into account the boundary conditions at 
-f- oo, — oo, we obtain the solutions of (55), (56) 

Fon = e - " ' l 2 H n (w ) , rc = 0 , l , 2 , 

Don = 

qt 

(1 + 2 n) 
Qi!*-1 Fon , 

dR 

dRG-Kdi-(l+2n)2 

G( 1 + 2 n) 

with Hn the Hermite polynomial of order n. 

(64) 

(65) 

(66) 
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The condition for the existence of an instability 
with mode number n is 

dRG - Kd% - {I + 2n)2 > 0 . (67) 

The fastest growing mode is obtained for n = 0. If 
C?R is small, the criterion for instability is 

dR> (1+2 n)2jG. (68) 

This is less stringent than the condition dR > 0 which 
was obtained in Section II. D with yH = 0, owing 
to the stabilizing effect of compressibility. For n = 0 
and large G, the condition for instability is the same 
as in the case = Nevertheless, the growth 
rates are not the same. This is due to the fact that 
for yn = 0 one has D = 0. For large G, on the other 
hand, only Do (the lowest-order term in the d1/2 ex-
pansion) vanishes. 

The cases studied under II.C)—II.E) require a 
small driving term in order that the condition 
(a2rj*ly)C2 > 1 be satisfied. We now drop this as-
sumption and consider: 

III.F) 7h 4= 0, r)*ly~y2 

In this case, resistivity and inertia are equally 
important. We now set 

v*ly=^*ly)S, y2 = y2S, Ö41 (69) 

and again drop the bars to simplify the notation. 
Equations (27) and (28) now read 

d 
dy 

1 C 2 d F 
B2 1 + AdC2 dy 

1 
2P*v — qx2y 

2 pxv — qx2y 

d 
dy 

X* 
1 

1 d D 

-1— Ay2d2C2D- — 
r2 B2 r xx 

da 
dy 
da 
d y 

F -

D, 

QY 
y 2B 2 

(70) 

6C2F 

g y 2 ö / yuP + B2 

ynpB2 
D (71) 

2 pxv — q'x2y 
der 
dy 

D 

be neglected: 

with A = oi2(r)*ly). 
Since C2 = \V<p\2 - 2qyVv-V<p - f q2y2\Vv\2, it 

is clear that resistivity and inertia only play a role 
for large | y | ~ d~1/2. There are thus different re-
gions. When | y | d1^2, resistivity and inertia may 

d 
dy 

d 
dy 

C2 dF 

l 

~ z 4 

1 dD 
B2 dy 

1 
+ "TV o • • -9 da 

dy 

2pxv — qx2y~~ da 
dy 

D, 

= 0, y ^ d - 1 ' 2 . 

F 

(72) 

(73) 

Equations (72) and (73) are the same equations as 
in the ideal marginal case. Setting D — 0 (we choose 
this solution since it will be needed for matching 
to the resistive regions), it follows that, for large 
|?/|, the solution of (72) behaves as 

F = a\ I y Is -4- «« I it I «21yr , 
where 

s=-h + lh + H 2 - H - DR]i/2 

and H and DR are defined as in [2], i.e. 

H 
<£2/|Vv|2> 

q'x2 

(aB2y <aB2l\Vv\2> 
<B2> (B2l\Vv\2y 

DR = F* + E + H2 , 

<52/|Vv|2> 
F* 

E = 

q2x4 

B2 a2\ 
\\v\2/ 

(B2/|Vv|2> 

k2X4 

(74) 

(75) 

(76) 

(77) 

(78) 

<a£2/|Vu|2>2 
+ p2 

— \ 

B2 / 

iv-j'x-q'x2 
<iaB2) 
~<B2y 

(79) 

The equilibria were assumed to be ideally stable. In 
particular, Mercier's stability criterion is assumed 
to be satisfied, i.e. 

— Di=\-\-H2 — H — Dr ^ 0 . (80) 

Thus, for large | y \ and — D\ > 0, the ideal solutions 
behave as in (74), with the first term predominating. 
In the outer region (| y | > <5-1/2), resistivity and 
inertia must be taken into account. In order to 
study this region, we make use of the two-length-
scale expansion techniques employed before and 
make an ansatz similar to (38) —(40) for the func-
tions F and D. 

From the two lowest-order equations in the d1/2 

expansion one then obtains 

Fo = Fo(z), D0 = D0(z), (81) 
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1 

855 

(dF o \ 

i t ) + <^/|vv|2> 
52 

| Vu 12 

£2^ 

+ (^o + Do) 
qx2z 

+ Az2(B2 + B*o)\dy. 

r & 

(82) 

+ 
52(7 

I Vv J 2 

Di (y, z) = di(z) + 

+ qz 

Vü|2 

dDo 
dz <B*y 

dy 

A (D0 + F0) + y2F0 
x2 v V2 

<(T^2> £2 _ aB2\dy. 

(83) 

<JB2> 
The brackets, tildes and indefinite integrals are al-
ready explained in (43) and (44). 

To next order, taking into account (39), (58) —(63) 
and (76) —(79), we obtain a solubility condition for 
F2 and D2 in the form of a coupled system of two 
second-order ordinary differential equations for F0 

and Do ', 
d x2 dF0 

dx dx 1 + x2 

, H( 1 H) H(\+H)x* 
— — - — : — — — (1 + X2)2 " (1 -f X2)2 

+ DRF0-Q3x2F0 

dx \ 1 + x2 

#2 

d2j>0 

dx2 + H2 

1 + x 2 

X 2 

(84) 

Do-DRDO, 

K Q T + 1+X2 

= (1 + KQ*) 

1 + x 2 

- Q3X2 - GQ* - DR 

H2 

H2 

Do (85) 

l + X 2 l + X 2 d x 

Equations (84) and (85) are independent of the sign 
of x, it is therefore sufficient to consider positive x 
values only. 

In the following we consider, for simplicity, the 
case of large G. (As we know from the preceding 
section, the conclusions drawn in this case are more 
pessimistic than those obtained with 6r~0( l ) . ) 

In the limit of large G, it follows from (85), that 
Do = 0 and one is left with an equation for F0 alone 

d j x2 dF0\ 
dx 1 + x 2 dx / 

H(1 + H)x2 

+
 H ^ I F O (86) 

(1 + X2)2 

F o + (Dr Q3 x2) FQ = 0 (1 + X2)2 
Equation (86) can be solved exactly. If we set 

F0= I x|® exp{(l -j- s — H)x2j2) 
dx2 

• [exp {(H - 1 —8 — QV2)x2/2} 
•P(r = Q**x*)], (87) 

with s from (75), one obtains the following equation 
for P(r) 

d2P 
r + dr2 

1 dP 
dr 

£3 /2+1 + 2 S - DR 
£ 3 / 2 

(88) 

P = o, 

which is Rummer's equation. The solution, which 
remains finite and thus satisfies the boundary con-
ditions at 00, is [19] 

1F1 [a*; v; r] 
P(r) 

sin n v r( 1 + a* - v)T(v) (89) 

r l - v 
I^i [ l + a* — v; 2 — v; r] 

r(a*)T( 2-v) 

with r the gamma function and 
v = \ + s, 

a* = l[QV2 + 2v-DRIQV2]. 

\F\[a*; v; r] is Rummer's function: 
iFi[a*; v; r] 

a* (a* + 1) r2 

(90) 

(91) 

1 + 
a" 
v r(v + l) 2! 

Equation (87) then explicitly reads 

+ 

_ 71 |x|*exp{- QWx2l2} 
sinjrrr(l + a* — v)T(v) 

r(v)T( 1 +a*-v) 

( £ 3 / 2 _ 1 _ 8 H ) 
1 Fx(a*; v; r) 

(a* — v) 
v 

+ 

T(1 - v)T(a*) 
(£3/2 _ 1 _ 8 + H) 

2(1 — v) ~ 

QI a - . ) I x|_1_2s ji_.Fi (a* - v; 1 

x 2 i ^ i ( l + a * - V, 2 — v;r) 

v, r) 

1^1(0*; v + l ; r ) 

(92) 
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In order to construct a solution valid in the ideal 
and resistive regions, we must match the ideal 
solution for \ y\ -> oo, (74) to the resistive solution, 
(92) for Ixl [17], [20], If we define 

and determines a\, (and thus A') from 

yö 
2 _ <ffV|Vt;|«) Qo 

q2(B2} a2 rj* 
with 

= X2<B2><x.2rj* 
Q(B2I\VV\2}M ' 

we obtain from (58) and (59) 

x2 = (lly02Q)y2. 

If we set 

A' = a<i\a\ 

(with a\, «2 from (74)) and 

4 y l + 2« 0 ( 5 - 2 0 / 4 
A 

m+s] 

(93) 

(94) 

(95) 

(96) 

(97) 
{Q3 _ (1 + , _ H)2} n - ^ - s ] 

r[i{Q*'2 + 3-2s-DR!QV2}] 
' rti{QZ'2+l + 2s-DRIQV2}] ' 

then the condition for matching the resistive to the 
ideal solution is 

A'. (98) 

In order to be able to carry through the matching 
for both positive and negative y values, the quan-
tity A' must be constructed from the solution in 
the ideal region in such a way that it is the same 
for y^ oo and y -> — oo. Starting with any two 
independent solutions fi{y), fz(y) of (72) (with 
D = 0), we determine the coefficients 

defined by 

lim U = A^+)'<->|?/|s+ 
|y|_>±00 

i = 1 ,2 . (99) 

We then determine a factor k from the equation 

A[+> + kA^> 
(100) 

(Using the properties of the Wronskian of (72) (with 
D = 0), one can show that there are always real 
solutions k to (100.) With the so determined k one 
then constructs the solution 

lim F(y) 
\y\->oo 

This yields 
02 
«1 

«1 + «2 Iy l - 1 ' 8 

B[") + kB{2~) 

(102) 

(103) 

F{y) = h(y) + kh{y) (101) 

IV. Discussion of the Dispersion Relation 

When studying the dispersion relation (96) —(98), 
it ist necessary to keep in mind the restrictions im-
posed by the assumptions of small resistivity and 
growth rate, (69). With the definitions of yo and Q 
in (93) and (59) respectively, these conditions can 
be expressed as 

ilyt<Q<yo. (104) 
We now consider different cases, according to the 
sign of the driving term DR . 

IV. A) DR> 0 
When DR is positive, the gamma functions in (97) 

have an infinite sequence of poles owing to the term 
( —DR)/4Q3/2. A alternately vanishes and diverges, 
passing through all values many times. For a given 
A', there are infinitely many Q's which satisfy (98). 
Since yo scales as (rj*)"1/3, the factor y l + 2 s is large. 
Thus, the roots of (98) will in general be near the 
poles of r[l{Q*'2 + 1 + 25 - DR/£3 /2}], i.e. 

< & * = - ( * + * + 2» ) 
+ [ ( I + s + 2w)2 + Z>r]1/2. (105) 

The actual growth rate y scales as (rj*)1/3 since 
7 ~ (rj*)1/3Q. This type of instability corresponds 
to the well known resistive interchanges [2]. 
IV. B) DK = 0 

In this case the term Z)R/4 Q3/2 no longer appears 
in the argument of the gamma functions and r (a* ) 
has no poles. As can be seen from (92), it is required 
that « < 1 / 2 (for 5 >1 /2 , the function FQ does not 
have the correct form for matching to the ideal 
solutions, since x^ 2 s > for x-^0, and no unstable 
solution can be constructed unless \A'\ ->00). 

Taking into account that — l / 2 < s < 1/2, we can 
derive the following properties of A : when 0 f^Q3 < 
(1 + s — H)2, A is positive and takes all values be-
tween 0 and + 00. There is therefore always an in-
stability when A'> 0 since in this case (98) can 
always be satisfied (for small Q, A vanishes as 
0(5-2.)/^ Q ig t h e n proportional to yjf+s»)/«»-« 
which is consistent w ith condition (104), 1 ly%<Q. 
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Then, for small Q, the actual growth rate y scales 
a s 3+2» 

y ~ (^* )5 —2» . 

When (1 + s - H)2 ^ Q3 ^ oo, A takes all values 
between — oo and 0, vanishing as 1 IQ1+2s for large 
Q. Taking into account that the results must be 
consistent with the condition (104) (Q<^yo), there 
is an instability only if A'-> — oo. (This is the ideal 
marginal limit. After careful examination it can be 
seen that this corresponds to subsequently making 
rj*ly and y small.) 

IV. C) D r < 0 
This is the most interesting case since D R < 0 

stabilizes positive A '-values which are not too large. 
First we observe, as in the case DR = 0, that in 

general there are no instabilities if s > 1/2, i.e., un-
less \A'\ oo we can construct an unstable solutino 
only if the condition 

( | - # ) 2 + |DR|<1 (106) 
is satisfied. 

For Q3 ^ (1 + s — H)2 we have the same situa-
tion as in the case DR = 0, i. e. there are instabilities 
only when A'— oo (ideal case). 

As for DR = 0, A is also positive for 

The crucial difference arises for Q 0: when Q 
becomes small, the terms | DR | /4 Q3/2 in (97) become 
large and A ~ (ylQ)1'2**. 

When A' is positive, the resulting growth rates 
are so small that they are not consistent with the 
assumption (104) (l/yl<^.Q) unless A' is large. 

We can estimate how large A' must be in order 
that the condition 1 be satisfied: when Q 
decreases, the term |DR|/4£3/2 changes the be-
haviour A ~ (p-2*)/* to A ~ £!/2+s. Defining Qc 

as the transition point at which this change of be-
haviour in A (Q) occurs, we obtain 

AC = A(QC). (107) 
If A'>AC, the consistency condition Qyl^> 1 is 
satisfied. Thus, in the range 0 ^Q3 ^ (1 — H)2 

there is instability only if A' > A c. 
It is clear that the exact value of Qc is somewhat 

arbitrary. However | DR | /4 Q312 PH 1 seems to be a 
good approximation, since the behaiour of 

r[l{Q3'2 + 3-2s + \DR\IQ3'2}] 
ni{Q3l2 + l + 2s+\DR\IQ3'2}] 

is already well represented by (| DR|/4 £3/2)1/2-« f o r 

values of |DR|/4£3/2 moderately larger than 1. 

V. Conclusion 

Resistive ballooning modes in general three-
dimensional configurations have been studied on 
the basis of the linearized equations of motion of 
resistive MHD. 

On the assumption of small resistivity and per-
turbations localized transversally to the magnetic 
field, a stability criterion has been derived in the 
form of a coupled system of two second-order 
ordinary differential equations (Eqs. (27), (28)), 
without imposing any of the usual restrictions, e.g. 
symmetric configurations, circular plasma cross-
section, large aspect ratio. The criterion obtained 
is rather general and contains as limiting cases the 
ideal ballooning mode criterion and criteria for the 
stability of symmetric systems. 

In the form of (27), (28) the stability criterion is, 
in general, rather implicit since its evaluation re-
quires the solution of two coupled second-order 
ordinary differential equations on each closed field 
line, the coefficients depending both secularly and 
periodically on the independent variable along the 
field line. 

Neglecting compressibility and assuming small 
growth rates (Sect. III.D), we obtain instability 
only when the condition (46) is satisfied, the growth 
rate scaling as y ~ (iy»)i/3= (k\rj)1'3. This contra-
dicts the statement made in [15], according to 
which, under the same circumstances, an axisym-
metric system is always unstable with growth rates 
proportional to rj*. 

In Sect. III.F), (27), (28) have been considerably 
simplified by assuming small resistivity and inertia 
(conditions (69), (104)). Making use of two-length-
scale expansion techniques, one obtains the aver-
aged equation (84) and (85). Neglecting the effect 
of compressibility in these equations (i.e. assuming 

1) decouples them. This leaves only one non-
trivial equation, Eq. (86), which can be solved ex-
actly. Satisfying the boundary conditions for this 
equation leads to a tearing-mode-like [2] dispersion 
relation for each closed field line 

A' = A(Q, rj* = Jc?±r), H, DR) 

Eqs. (96) —(98), A' being determined from the 
asymptotic behaviour for large values of the inde-
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pendent variable of the solution of the ideal, mar-
ginal-ballooning-mode equation. As in [2], there are 
always instabilities for D R > 0 . For DR = 0 and A' 
finite there are no instabilities if 1 /2 -j- s > 1. If 
l/2 + s < l and D R = 0, there are instabilities if 
either A'> 0 or if A'-> — oo, the case A'-> — oo 
corresponding to an ideally unstable configuration. 

For D R < 0 there are no instabilities if 

\ -j- s > 1, unless | A' | -> oo . 

For D R < 0 , 1/2 + 5 < 1 and A'> 0, there are in-
stabilities only if A' >Ae' (Ac' given by (107)). For 
A'<i 0 there are only instabilities if zl'-> — oo, i.e. 
the system is ideally unstable. 
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